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Kinetic Equation for Particle Transport and Heat Transfer
in Nonisothermal Turbulent Flows

R. V. R. Pandya¤ and F. Mashayek†

University of Illinois at Chicago, Chicago, Illinois 60607

The physical situation of two-phase nonisothermal turbulent � uid � ows laden with nonevaporating spherical
particles is considered. A closed kinetic equation for the transport of particles and their temperature is derived
by solving the involved closure problem using the functional method. The equation is exact when the � uctuations
of � uid � ow variables along the particle path are distributed as Gaussian. For the case of homogeneous turbulent
� ows, macroscopic equations describing the time evolution of statistical properties related to particle velocity and
temperature are obtained by taking variousmoments of the closed kinetic equation. These equationsare computed
for the case of homogeneousshear turbulent � ow with constant temperature gradient, and the results are compared
with the data of our direct numerical simulation study.

Nomenclature
Cl = speci� c heat of particle
C p = speci� c heat of carrier � uid
d = diameter of particle
G j = generalized response function [Eq. (26)]
G j k = generalized response function [Eq. (25)]
Gµ = generalized response function [Eq. (27)]
h = phase space heat current
j = phase space diffusion current
k = turbulence kinetic energy
L f = reference length
N = average number density of particle phase
Pr = Prandtl number
Red = particle Reynolds number
Re f = reference Reynolds number (½ f U f L f =¹/
T = � uid temperature
Td = particle temperature
T f = reference temperature
T = ensemble average of � uid temperature
QTbi b j = Lagrangian integral time scale
t = time
t 0.x; t/ = temperature � uctuation of � uid
U = velocity of � uid
U f = reference velocity
NU1 = ensemble average of U component in the direction

of x1

u0 = uniform translational velocity
u0 = velocity � uctuation of � uid
u 0

j = j th component of u0

V = particle velocity
NVi = i th component of density average velocity

of particle phase
v = phase space variable for particle velocity
W = phase space density
X = particle position
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x = phase space variable for particle position
® = @ NU1=@x2

¯bi b j = 1= QTbi b j

¯v = f1=¿d

¯µ = f2=¿d

¯ 0
v = � uctuating part of ¯v

¯ 0
µ = � uctuating part of ¯µ

² = rate of turbulence viscous dissipation
N2 = density average temperature of particle phase
µ = phase space variable for particle temperature
µ0 = uniform temperature
µ 0 = � uctuation in temperature of particle phase
¹ = viscosity of � uid
½d = particle mass density
½ f = reference density
½¤ = density of � uid at particle location
¾ = Cl =Cp

¿d = particle time constant

Introduction

P ARTICLE-/DROPLET-LADEN turbulent � ows occur in many
important natural and technological situations, for example,

clouds,1 aerosol transport and deposition,2 spray combustion,3;4 � u-
idized bed combustion,5 plasma spray coating, and synthesis of
nanoparticles.6 Undoubtedly, turbulence itself remains as a dif� -
cult and unsolved problem of classical mechanics, despite many
persistent efforts by physicists and engineers. The presence of
particles/droplets (hereafter simply referred to as particles) further
adds to the complexity of turbulence.The statistical descriptionsof
� uid phase and dispersed phase of particles are required to under-
standand predict such � ows. In this paper,we focuson the statistical
modeling of the dispersed phase of particles in nonisothermal tur-
bulent � ows.

Two main approachesare presently available for statistical mod-
eling of a turbulent dispersed phase: 1) Reynolds-averagedNavier–
Stokes (RANS)-type closure modeling7;8 and 2) kinetic equationor
probability density function (PDF) modeling.9 In both of these ap-
proaches,particlesare consideredas point particles and the analysis
begins from the Lagrangian equations governingthe particle trajec-
tory and its other properties, such as temperature. In a RANS-type
approach,instantaneousequationsfor particle concentration,veloc-
ity, and other properties of interest are formed from the Lagrangian
equations.10;11 These equations are in the Eulerian framework, and
their ensemble average represents the transport equations for mean
values of the properties. The process of ensemble averaging gen-
erates unknown correlations that are modeled using the techniques
available for RANS modeling of the � uid phase.
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In recent years, the second approach of kinetic equation, or PDF
modeling, has evolved through the works of Reeks,12;13 Hyland
et al.,14 Derevichand Zaichik,15 Derevich,16 Zaichik,17 and Pozorski
and Minier.18 In the PDF approach, by the use of the Liouville
theorem and Lagrangian equations for the particle, an equation is
formed for the phase space density W . The ensembleaverageof this
equation represents transport of the PDF in the phase space, which
includes variables such as particle position, velocity, temperature,
etc. It is possible to write a PDF equation with � uid � ow variables
included in the list of phase-space variables. Such a type of gen-
eral approach is discussed in greater detail by Minier and Peirano.9

Here, we focus on obtaining a PDF equation for particle proper-
ties by considering� uid propertiesas external and known variables.
In such a case, the ensemble-averagedequation contains unknown
correlations between the � uctuating part of W and the � uctuating
variables of the � uid � ow and, thus, pose closure problems.

Different methods of solving the closure problems appearing in
PDF transport equationshave been utilizedby Reeks,13;19 Hyland et
al.,14 Zaichik,17 Derevich,16 Pozorski and Minier,18 and Pandya and
Mashayek.20 These methods are, namely, Kraichnan’s direct inter-
actionapproximation(DIA),21 theLagrangianhistorydirect interac-
tion (LHDI) approximation22 functionalmethod, and Van Kampen’s
method.23¡25 The functional method gives an exact solution when
the � uctuations involved in the problem are Gaussian in nature.
The DIA, LHDI, and Van Kampen’s method are applicable even
when the � uctuations distributions are not Gaussian. Reeks12;13;19

showed that LHDI is superior to DIA because LHDI preserves the
symmetry of the phenomena under random Galilean transforma-
tion. The closed PDF equationobtained throughLHDI was recently
rederived by the use of Van Kampen’s method by Pozorski and
Minier18 and by the use of the functionalmethod by Hyland et al.14

Also, the closed kinetic equations are useful in deriving macro-
scopic equations and constitutiverelations for the statisticalproper-
ties of the dispersed phase.13;16;17 These macroscopic equations are
in the Eulerian framework and are easier to compute than the PDF
equation.

In this paper, we consider nonisothermal, spherical monodis-
persed particles that move under the action of � uid drag force and
exchange heat with the surrounding turbulent � uid � ow. We con-
sider � uid variables, namely, velocity and temperature, as external
variables. Then, the goal is to obtain a transport equation for the
PDF describing the distribution of particle position, velocity, and
temperature at time t . The closure problems are � rst discussed in
the next section in the framework of the kinetic approach. Then,
a closed kinetic or PDF equation is derived after solving the prob-
lems by using the functionalmethodologyof Hylandet al.14 Then an
ideal situation of nonisothermal � ow is considered. It is suggested
that the exact solution in this ideal situation can be taken as a � rst
test for assessing other closure schemes. Furthermore, macroscopic
equations are derived for homogeneous shear � ow with uniform
temperature gradient. These equations are then solved, and the re-
sults are comparedwith the direct numericalsimulation(DNS) data.
Finally, some concluding remarks are provided.

Closure Problems
Consider a two-phase nonisothermalturbulent � ow in which col-

lisionless spherical particles with diameter d move under the in� u-
ence of stochastic � uid drag force and their temperature Td changes
due to the thermal interaction [driven by the temperature difference
.T ¡ Td /] with thecarrier � uid.Here T is the temperatureof the � uid
in the vicinity of the particle. The Lagrangian equations governing
the time variation of the position X, velocity V, and temperature Td

of the particle at time t are

dX
dt

D V (1)

dV
dt

D ¯v.U ¡ V/ (2)

dTd

dt
D ¯µ .T ¡ Td/ (3)

where

¯v D
f1

¿d
; ¯µ D

f2

¿d
; ¿d D

Re f ½dd2

18
(4)

f1 D 1 C 0:15Re0:687
d ; f2 D 2 C 0:6Re0:5

d Pr0:33

3Pr¾
(5)

Red D Re f ½¤d jU ¡ Vj; Re f D
½ f U f L f

¹
(6)

The terms containing Red in the expressions for f1 and f2 account
for the corrections to the Stokes drag and heat transfer when Red

is of the order one and larger. All of the � ow variables are non-
dimensionalizedby L f , ½ f , U f , and T f scales.

By the use of the Lagrangian equations (1–3) and the Liouville
theorem,an equation for the phase spacedensity14;26 W .x, v, µ; t ) D
±.X ¡ x/±.V ¡ v/±.Td ¡ µ/ can be written as

µ
@

@ t
C @

@x
¢ v C @

@v
¢ ¯v.U ¡ v/ C @

@µ
¯µ .T ¡ µ/

¶
W D 0 (7)

where ± represents the Dirac delta function. The ensemble average
(denoted by h i) of Eq. (7) represents the transport equation for the
PDF and is
µ

@

@t
C @

@x
¢ v C @

@v
¢ h¯vi. NU ¡ v/ C @

@µ
h¯µ i. NT ¡ µ/

¶
hW i

D ¡ @

@v
¢ h¯vihu0W i ¡ @

@µ
h¯µ iht 0W i

¡
µ

@

@v
¢ . NU ¡ v/h¯ 0

v W i C
@

@µ
. NT ¡ µ/h¯ 0

µ W i

C @

@v
¢ h¯ 0

vu0W i C @

@µ
h¯ 0

µ t 0W i
¶

(8)

with

¯v D h¯vi C ¯ 0
v; ¯µ D h¯µ i C ¯ 0

µ (9)

InEq. (8), NU and NT are theaveragepartsandu0 and t 0 are the � uctu-
ating parts of the velocity and temperatureof the � uid in the vicinity
of particle, respectively.Also, ¯ 0

v and ¯ 0
µ represent � uctuations in ¯v

and ¯µ over their average value h¯vi and h¯µ i, respectively,and can
be written as

¯ 0
v D

0:15
£
Re0:687

d ¡
«
Re0:687

d

¬¤

¿d
(10)

¯ 0
µ

D
0:6Pr0:33

£
Re0:5

d ¡
«
Re0:5

d

¬¤

3¿d Pr¾
(11)

where the terms in the squarebracketsofEqs. (10)and (11) represent
� uctuating parts of Re0:687

d and Re0:5
d , respectively.

VariousunknowncorrelationsbetweenW , u0, t 0, ¯ 0
v , and¯ 0

µ ,which
appear in different terms on the right-hand side (RHS) of Eq. (8),
pose closure problems. In this paper, we provide closed expressions
for correlationshu0W i and ht 0W i and neglect the correlationsinside
the square bracket on the RHS of Eq. (8), which include ¯ 0

v and ¯ 0
µ .

This neglect is justi� ed for particleswith small values of ¿d because
the correction terms themselves in the expressionsfor f1 and f2 are
negligible.For the particleswith larger valuesof ¿d , unknown terms
with ¯ 0

v and ¯ 0
µ can contribute to the drift and diffusionof hW i in the

phase space. Here we do not perform a complex exercise to obtain
the drift velocityand diffusiondue to ¯ 0

v and ¯ 0
µ . Rather, we keep the

modeling simple. Its range of validity with regard to the values of
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¿d can be assessed through DNS data. Thus, we consider ¯v
»D h¯vi

and ¯µ
»D h¯µ i. In view of the same,

f1 D 1 C 0:15hRed i0:687 (12)

f2 D 2 C 0:6hRedi0:5Pr0:33

3Pr¾
(13)

hRedi »D Re f ½
¤d[hjU ¡ Vj2i]0:5 (14)

implying that the effect of � uctuations in Red are neglected too.
Under these conditions, the � rst two unknown terms, present on the
RHS of Eq. (8), containing j D ¯vhu0W i and h D ¯µ ht 0W i, pose the
closure problems. In principle, if we also include the � uid velocity
U along the particle path in the phase space variables for W , then ¯v

and ¯µ are not stochastic functions.The closure problems related to
¯v hu0W i, and terms containing¯ 0

v and ¯ 0
µ , will not appear.However,

in that case, we need another stochastic differential equation that
describes the � uid velocity along the particle path.18

Closed Kinetic Equation
The closure problems appearing in the equation for hW .x; v;

µ; t/i can be tackled by renormalized perturbation theories such
as direct interaction approximation,21 LHDI,22 and Van Kampen’s
method.25 Yet another method, based on the Furutsu–Novikov–
Donsker formula, can be used to solve the closure, which ob-
tains an exact solution when the � uctuations are Gaussian (see
Ref. 14). Here, we assume u0 and t 0 to be Gaussian and use the
Furutsu–Novikov–Donskerformula for solvingthe involvedclosure
problems.

In general situations of two-phase � ows, the assumption of
Gaussian distributionfor � uctuations is not strictly valid. However,
the results derived here for the closed expressions for j and h would
serve as a � rst test for other closure schemes. That is, other closure
schemes should reproduce the results derived here in the limiting
case when the � uctuations are Gaussian in nature. The Furutsu–
Novikov–Donsker formula suggests that, for any Gaussian random
function fi . p/, its correlation with functional R[ f ] can be exactly
given by14;27

h fi .p/R[ f ]i D
Z

h fi .p/ f j .p0/i
½

±R[ f ]

± f j . p0/ dp0

¾
dp0 (15)

where the integral extends over the region of arguments p in which
the function fi is de� ned and h±R[ f ]=± f j .p0/ dp0i represents the
functional derivative of R with respect to f j . This formula forms
the basis of the Derevich,16 Zaichik,17 and Hyland et al.14 work on
the derivation of closed kinetic or PDF equations for a turbulent
particle phase. Here, we use the framework of Hyland et al.14 for
isothermal � ows and extend it to the present case of nonisothermal
two-phase � ows.

The functional dependence of W on u0 and t 0 and the application
of the Furutsu–Novikov–Donsker formula allow us to write

hu 0
i W i D

Z µ
hu0

i .x; t/u0
j .x1; t1/i

½
±W .x; v; µ; t/

±u 0
j .x1; t1/ dx1 dt1

¾

C hu 0
i .x; t/t 0.x1; t1/i

½
±W .x; v; µ; t/

±t 0.x1; t1/ dx1 dt1

¾¶
dx1 dt1 (16)

ht 0W i D
Z µ

ht 0.x; t/u 0
j .x1; t1/i

½
±W .x; v; µ; t/

±u0
j .x1; t1/ dx1 dt1

¾

C ht 0.x; t/t 0.x1; t1/i
½

±W .x; v; µ; t/

±t 0.x1; t1/ dx1 dt1

¾¶
dx1 dt1 (17)

Here,

±W .x; v; µ; t/

±u 0
j .x1; t1/ dx1 dt1

;
±W .x; v; µ; t/

±t 0.x1; t1/ dx1 dt1

are functional derivatives and are given by

±W .x; v; µ; t/

±u0
j .x1; t1/ dx1 dt1

D ¡
µ

@

@xk

±Xk .t/

±u 0
j .x1; t1/ dx1 dt1

C @

@vk

±Vk .t/

±u0
j .x1; t1/ dx1 dt1

C @

@µ

±Td .t/

±u 0
j .x1; t1/ dx1 dt1

¶
W (18)

±W .x; v; µ; t/

±t 0.x1; t1/ dx1 dt1
D ¡

µ
@

@µ

±Td.t/

±t 0.x1; t1/ dx1 dt1

¶
W (19)

While derivingEqs. (18) and (19), we haveused the followingprop-
erty for the derivative of any function f .x ¡ y/ (Ref. 14):

@ f .x ¡ y/

@x
D ¡ @ f .x ¡ y/

@y
(20)

The functional derivatives of Xk .t/, Vk .t/, and Td.t/ appearing in
Eqs. (18) and (19) are written as

±X k.t/

¯v±u 0
j .x1; t1/ dx1 dt1

D G jk [x1; t1I X.t/; t] ± [X.t1/ ¡ x1] (21)

±Vk.t/

¯v±u 0
j .x1; t1/ dx1 dt1

D d
dt

G j k[x1; t1I X.t/; t ] ± [X.t1/ ¡ x1] (22)

±Td.t/

¯v±u 0
j .x1; t1/ dx1 dt1

D G j [x1; t1I Td .t/; t] ± [X.t1/ ¡ x1] (23)

±Td.t/

¯µ ±t 0.x1; t1/ dx1 dt1
D Gµ [x1; t1I Td .t/; t ] ± [X.t1/ ¡ x1] (24)

where the generalized response functions G j k , G j , and Gµ are de-
� ned as

G jk[X1; t1I X.t/; t] D ±X k.t/

¯v±u 0
j .X1; t1/ dt1

(25)

G j [X1; t1I Td.t/; t] D ±Td.t/

¯v±u0
j .X1; t1/ dt1

(26)

Gµ [X1; t1I Td.t/; t ] D ±Td.t/

¯µ ±t 0.X1; t1/ dt1
(27)

and their equations can be obtained from the Lagrangian
equations (1–3), written as

d2

dt2
G jk C ¯v

d
dt

G j k ¡ ¯v G j i
@ NUk

@ X i
D ± jk ±.t ¡ t1/ C A j k±.t/ (28)

d
dt

G j ¡ ¯µ G jk
@ NT
@ Xk

C ¯µ G j D 0 (29)

d

dt
Gµ C ¯µ Gµ D ±.t ¡ t1/ C Cµ ±.t/ (30)

These equationssuggest that G jk , G j , and Gµ are statistically sharp
functions. Here A jk accounts for the correlation between particle
velocity and � uid velocity at initial time t D 0, and Cµ accounts for
the correlation between particle temperature and � uid temperature
at the initial time. At time t D 0, if V D av U and Td D aµ T , then
A jk .t1/ and Cµ .t1/ can be written as

A jk .t1/ D .av=¯v/± j k±.t1/; Cµ D .aµ =¯µ /±.t1/ (31)

where av and aµ are constants.
The expressions for j and h can now be obtained from

Eqs. (16–24) and by the use of the following relation:

hG±[X.t1/ ¡ x1]W i D Gh±[X.t1/ ¡ x1]ichW i (32)
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where G can be G jk [x1; t1I X.t/; t ], G j [x1; t1I Td.t/; t], or
Gµ [x1; t1I Td.t/; t ] and where h±[X.t1/ ¡ x1]ic is the conditional
average14 when X.t/ D x, V.t/ D v, and Td .t/ D µ , that is,

h±[X.t1/ ¡ x1]ic D h±[X.t1/ ¡ x1]jX.t/ D x; V.t/ D v; Td .t/ D µi

(33)

The � nal forms of the expressions are

¯v hu 0
i W i D ¡

µ
@

@ xk
¸ki C @

@vk
¹ki C @

@µ
!i ¡ °i

¶
hW i (34)

¯µ ht 0W i D ¡
µ

@

@xk
3k C

@

@vk
5k C

@

@µ
Ä ¡ 0

¶
hW i (35)

where

¸ki D ¯2
v

Z t

0

dt1hu 0
i .x; t/u 0

j .x; v; µ; t jt1/iG jk .x1; t1I x; t/ (36)

¹ki D ¯2
v

Z t

0

dt1hu 0
i .x; t/u 0

j .x; v; µ; tjt1/i
d

dt
G j k.x1; t1I x; t/ (37)

!i D ¯2
v

Z t

0

dt1hu 0
i .x; t/u 0

j .x; v; µ; t jt1/iG j .x1; t1I µ; t/

C ¯v ¯µ

Z t

0

dt1hu 0
i .x; t/t 0.x; v; µ; t jt1/iGµ .x1; t1I µ; t/ (38)

°i D ¯2
v

Z t

0

dt1

½
@u 0

i .x; t/

@xk
u 0

j .x; v; µ; t jt1/

¾
G jk .x1; t1I x; t/ (39)

3k D ¯v ¯µ

Z t

0

dt1ht 0.x; t/u 0
j .x; v; µ; t jt1/iG jk .x1; t1I x; t/ (40)

5k D ¯v¯µ

Z t

0

dt1ht 0.x; t/u0
j .x; v; µ; t jt1/i

d

dt
G jk .x1; t1I x; t/ (41)

Ä D ¯v ¯µ

Z t

0

dt1ht 0.x; t/u0
j .x; v; µ; t jt1/iG j .x1; t1I µ; t/

C ¯2
µ

Z t

0

dt1ht 0.x; t/t 0.x; v; µ; t jt1/iGµ .x1; t1I µ; t/ (42)

0 D ¯v ¯µ

Z t

0

dt1

½
@ t 0.x; t/

@xk
u 0

j .x; v; µ; t jt1/

¾
G jk .x1; t1I x; t/ (43)

Here the argument .x, v, µ , t jt1) of variables u 0
i and t 0 represents

the value of these variables at time t1 along a particle trajectory
that passes through .x, v, µ ) at time t . Various correlations of u0

i
and t 0, having the form of hb0

i .x; t/b0
j .x; v; µ; t jt1/i, appearing in

Eqs. (36–43), represent the statistics of � uid variables � uctuations
along the particle path, and their prediction in general � ow situa-
tions remains a challenge.28 It is possible to obtain governingpartial
differential equations for the correlations in the LHDI framework
and that are dif� cult to solve.13 Under certain situations, simpli� ed
expressionsare obtained by Reeks13 and Derevich29 for these types
of correlationsby invoking the hypothesis of “independent averag-
ing” suggested by Corrsin.30 Later in this work, we will use one of
the usual exponential forms14;17 for the correlation having integral
timescale QTbi b j D 1=¯bi b j , that is,

hb0
i .x; t/b0

j .x; v; µ; t jt1/i D hb0
i .x; t/b0

j .x; t/ie¯bi b j .t1 ¡ t/ (44)

The various integral timescales will be obtained by � tting expo-
nential curves to the DNS data for different correlations. This ex-
ponential form for the correlation is valid for simple isotropic and

homogeneousshear� ows.The kineticequationobtainedhere canbe
generalized to nonhomogeneous � ows when the appropriate equa-
tions for the correlations applicable to such � ows are used instead
of Eq. (44). The closed kinetic equation is obtained by substituting
Eqs. (34) and (35) in Eq. (8) and neglecting the terms in the square
brackets on the RHS of Eq. (8). The closed expressions for j and h
are exact when � uctuations u0 and t 0 have Gaussian distributions.

The closed expressions for j and h generate certain exact ana-
lytical expressions in an ideal and simple situation of two-phase
turbulent � ow. These expressions can be considered as a � rst test
for any other general closure scheme. That is, the general closure
scheme is promising if it is capable of generating the exact expres-
sions for the ideal situation. Now, we consider the ideal situation
and obtain certain exact analytical expressions. In the ideal turbu-
lent two-phase � ow situation, NUi D 0, NT D constant, and the � uid
velocity and temperature � uctuations are given by u 0

i and t 0, respec-
tively. We add a uniform translational velocity u0 and a uniform
temperature µ0 to each realization of turbulent � uid velocity and
temperature, respectively. Furthermore, we assume that u0 and µ0

have Gaussian distributions with zero mean and have � nite corre-
lation hu0µ0i over many realizations of the � uid velocity and tem-
perature. In this situation, the closed expressions for j and h can be
obtained by substituting u 0

i C u0i and t 0 C µ0 in place of u 0
i and t 0,

respectively,in Eqs. (34–43). These equations can be simpli� ed for
the condition that u0

i and t 0 are not correlated to u0i and µ0 and by
using

hu0i .x; t/u0 j .x; v; µ; tjt2/i D .±i j =3/hu0ku0ki ´ ±i j

«
u2

0

¬
(45)

hu0i .x; t/µ0.x; v; µ; t jt2/i D hµ0.x; t/u0i .x; v; µ; t jt2/i D hµ0u0i i
(46)

hµ0.x; t/µ0.x; v; µ; tjt2/i D
«
µ 2

0

¬
(47)

along with the solutions of Eqs. (28–30) when A jk D Cµ D 0,

G j k D ± j k.1=¯v/
£
1 ¡ e¡¯v .t ¡ t1 /

¤
(48)

G j D 0 (49)

Gµ D e¡¯µ .t ¡ t1/ (50)

These simpli� cationsyield exactexpressionsfor hu0i W i and hµ0W i,
written as

hu0i W i D ¡
«
u2

0

¬µ³
t C

e¡¯v t ¡ 1

¯v

´
@

@xi

C .1 ¡ e¡¯v t /
@

@vi

¶
hW i

¡ hµ0u0i i.1 ¡ e¡¯µ t /
@hW i

@µ
(51)

hµ0W i D ¡hµ0u0i i
µ³

t C
e¡¯v t ¡ 1

¯v

´
@

@xi
C .1 ¡ e¡¯v t /

@

@vi

¶
hW i

¡
«
µ 2

0

¬
.1 ¡ e¡¯µ t /

@hW i
@µ

(52)

The expressions given by Eqs. (51) and (52) can be consideredas a
� rst test for the performance of other closure schemes in this ideal
situation of nonisothermal two-phase � ows.

Macroscopic Equations for Homogeneous Flows
Instead of directly solving the closed PDF equation by a numer-

ical method, such as Monte Carlo, we adopt a different approach
and obtain macroscopic equations governing the mean properties
for the particle phase by taking various moments of the closed ki-
netic equation. Here, the macroscopic equations are written for the
case of homogeneous � ows where the spatial variation of statistical
properties, other than the mean velocity and temperature, are zero.
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The equations for the mean number density of the particle N , den-
sity weighted velocity NV j , and temperature N2, which are de� ned
by

N D
Z

hW i dv dµ (53)

NV j D 1
N

Z
v j hW i dv dµ (54)

N2 D
1
N

Z
µhW i dv dµ (55)

are written as

@ N

@t
C N

@ NVi

@xi

D 0 (56)

@ NV j

@t
C NVi

@ NV j

@ xi
D ¯v. NU j ¡ NV j / (57)

@ N2
@t

C NVi
@ N2
@xi

D ¯µ . NT ¡ N2/ (58)

where the overbar denotes density weighted mean. The equations
for higher-ordercorrelations

v 0
i v

0
j D 1

N

Z
.vi ¡ NVi /.v j ¡ NV j /hW i dv dµ

v0
i µ

0 D 1
N

Z
.vi ¡ NVi /.µ ¡ N2/hW i dv dµ

µ 0µ 0 D
1
N

Z
.µ ¡ N2/.µ ¡ N2/hW i dv dµ

are written as

@v 0
j v

0
n

@t
D ¡v 0

i v
0
j

@ NVn

@xi
¡ v 0

i v
0
n

@ NV j

@xi
¡ 2¯vv0

j v
0
n

¡ ¸k j
@ NVn

@xk
¡ ¸kn

@ NV j

@xk
C ¹ j n C ¹n j (59)

@v 0
j µ

0

@t
D ¡¯vv 0

j µ
0 ¡ ¯µ v 0

j µ
0 ¡ v 0

i v
0
j

@ N2
@xi

¡ v0
i µ

0 @
NV j

@xi

¡ ¸k j
@ N2
@xk

¡ 3k
@ NV j

@xk
C ! j C 5 j (60)

@µ 0µ 0

@t
D ¡2¯µ µ 0µ 0 ¡ 2v 0

i µ
0 @

N2
@xi

¡ 23i
@ N2
@xi

C 2Ä (61)

Equations (59–61) are computed and assessed against the DNS
data for a case of homogeneous shear � ow with constant @ NU1=@x2

and constant@ NT =@x2. In this case, the solutionsof Eqs. (28–30) give
various generalized response functions such as

G i j .t1I t/ D G.1/

i j .t1I t/ C .av=¯v/±.t1 D 0/G.1/

i j .t1 D 0I t/ (62)

with

G.1/

i j .t1I t/ D
±i j

¯v

£
1 ¡ e¡¯v .t ¡ t1 /

¤
C ±i2± j1

®

¯2
v

©
2
£
e¡¯v .t ¡ t1/ ¡ 1

¤

C ¯v .t ¡ t1/
£
1 C e¡¯v .t ¡ t1/

¤ª
(63)

Gµ .t1I t/ D e¡¯µ .t ¡ t1 / C
aµ

¯µ

±.t1/e
¡¯µ t (64)

G j .t1I t/ D ± j2

Z t

t1

e¡¯µ .t ¡ s/¯µ G22.t1I s/
@ NT
@x2

ds (65)

where ® D @ NU1=@x2.
For the case under consideration,°i D 0 D 0. Using the solutions

for response functions and the exponential form given by Eq. (44)
for various correlationsof u0

i and t 0, Eqs. (36–38) and (40–42) give

¸ki D ¯2
v hu 0

i .x; t/u 0
k.x; t/iI1

¡
¯ui uk

¢

C ¯2
v hu 0

i .x; t/u 0
2.x; t/i±k1 I2

¡
¯ui u2

¢
(66)

¹ki D ¯2
v hu 0

i .x; t/u 0
k.x; t/iJ1

¡
¯ui uk

¢

C ¯2
v hu 0

i .x; t/u 0
2.x; t/i±k1 J2

¡
¯ui u2

¢
(67)

!i D ¯2
v hu0

i .x; t/u 0
2.x; t/iK1

¡
¯u i u2

¢

C ¯v ¯µ hu0
i .x; t/t 0.x; t/iK2

¡
¯u i t

¢
(68)

3k D ¯v¯µ ht 0.x; t/u 0
k .x; t/iI1

¡
¯tuk

¢

C ¯v ¯µ ht 0.x; t/u 0
2.x; t/i±k1 I2

¡
¯tu2

¢
(69)

5k D ¯v¯µ ht 0.x; t/u0
k .x; t/iJ1

¡
¯t uk

¢

C ¯v ¯µ ht 0.x; t/u 0
2.x; t/i±k1 J2

¡
¯tu2

¢
(70)

Ä D ¯v¯µ ht 0.x; t/u 0
2.x; t/iK1

¡
¯tu2

¢

C ¯2
µ ht 0.x; t/t 0.x; t/iK2.¯tt / (71)

Here, variousfunctions,namely, I1; I2; J1; J2; K1 , and K2, are given
by

I1.¯/ D
Z t

0

e¡¯.t ¡ t1/G11.t1I t/ dt1

D
av

¯2
v

e¡¯t .1 ¡ e¡¯v t / C
e¡.¯v C ¯/t ¡ 1
¯v .¯v C ¯/

¡
e¡¯ t ¡ 1

¯v¯
(72)

I2.¯/ D
Z t

0

e¡¯.t ¡ t1/G21.t1I t/ dt1

D
av®

¯3
v

e¡¯ t
£
2.e¡¯v t ¡ 1/ C ¯v t.1 C e¡¯v t /

¤

C
®

¯2
v

»
2

µ
1 ¡ e¡.¯v C ¯/t

¯v C ¯
C

e¡¯ t ¡ 1

¯

¶
C

¯v

¯2
[1 ¡ e¡¯ t .1 C ¯t/]

C
¯v

.¯v C ¯/2

£
1 ¡ e¡.¯v C ¯/t .1 C ¯v t C ¯ t/

¤¼
(73)

J1.¯/ D
Z t

0

e¡¯.t ¡ t1/ d

dt
G11.t1I t/ dt1

D
av

¯v

e¡.¯v C ¯/t C 1 ¡ e¡.¯v C ¯/t

¯v C ¯
(74)

J2.¯/ D
Z t

0

e¡¯.t ¡ t1/ d
dt

G21.t1I t/ dt1

D
av®

¯2
v

e¡¯ t
£
1 ¡ e¡¯v t .1 C ¯v t/

¤

C ®

¯v

»
1 ¡ e¡¯ t

¯
C

e¡.¯v C ¯/t ¡ 1
¯v C ¯

¡ ¯v

.¯v C ¯/2

£
1 ¡ e¡.¯v C ¯/t .1 C ¯v t C ¯ t/

¤¼
(75)
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K1.¯/ D
Z t

0

e¡¯.t ¡ t1/G2.t1I t/ dt1

D 1

¯v.¯v ¡ ¯µ /

@ NT
@ x2

µ
av

¯v

e¡¯ t
¡
¯v ¡ ¯µ ¡ ¯ve¡¯µ t C ¯µ e¡¯v t

¢

C ¯µ ¡ ¯v

¯
.e¡¯t ¡ 1/ C ¯v

¯µ C ¯

¡
e¡.¯µ C ¯/t ¡ 1

¢

¡
¯µ

¯v C ¯

¡
e¡.¯v C ¯/t ¡ 1

¢¶
(76)

K2.¯/ D
Z t

0

e¡¯.t ¡ t1/G µ .t1I t/ dt1

D 1

¯µ .¯µ C ¯/

©
[aµ .¯ C ¯µ / ¡ ¯µ ]e¡.¯ C ¯µ /t C ¯µ

ª
(77)

Comparison with DNS Data
For the purpose of the assessment of the kinetic model, a DNS

study is conducted at the limit of zero Mach number where the
carrier phase is considered incompressible. In this manner, the en-
ergy equation can be decoupledfrom the continuityand momentum
equations. Our numerical procedure for the carrier phase is similar
to that adoptedby Rogers et al.31 who have consideredthe transport
of a passive scalar. Here, we treat the carrier-phase temperature as
a passive scalar that has no effect on the evolution of the velocity
� eld, but not the other way around. The particles are assumed to
be spherical and a modi� ed Stokes drag is used to describe their
transport by the carrier phase. Only low mass loading ratios are
considered,so that the effects of the particleson the � uid can be ne-
glected, that is, one-way coupling. We solve all of the equations in
a transformed coordinate system using a Fourier spectral method
with periodic boundary conditions in all of the directions. This
transformationallows us to generate accuratestatisticsby averaging
over the entire computational domain. (See Barré et al.32 for more
details.)

The DNS is performed for homogeneous shear � ow with con-
stant ® D @ NU1=@x2 D 2 and constant @ NT =@x2 D 2 for particle time
constants¿d D 0:15 and 0.3, speci� c heats ratio ¾ D 1:0, and Prandtl
number Pr D 0:7. The � uid phase is simulated using 1283 colloca-
tion points, and the statistics for particle related � ow variables are
calculated by averaging over the computed Lagrangian trajectories
of 105 particles. The initial particle velocity and temperature are
taken equal to the � uid velocity and temperature in the vicinity of
particle at time t D 0. At this initial time, when the shear is applied,
the � uid velocity � eld is isotropic. We have assured by checking
the DNS data during the simulations that all of the scales of the
� ow have been properly resolved. The code implemented for this
study is an extension of the code used in our previous study7;33

and has undergone a variety of tests. The details of the DNS will
be presented in a separate paper where various spectra and tempo-
ral evolution of different � ow statistics are presented and carefully
analyzed.

In the case of homogeneousshear � ow with a constantmean tem-
perature gradient, Eq. (56) gives @ N=@t D 0 and Eqs. (57) and (58)
give NV j D NU j and N2 D NT , which is consistent with the DNS results.
To assess the macroscopic equations (59–61), these are numeri-
cally integratedusing a fourth-orderaccurateRunge–Kutta method.
The integral timescale, QTu i u j ; 8i; j; is taken equal to 0:482k=²
(Ref. 14). The values of QTui t , QTtu i , and QTtt are estimated from the
DNS data for various correlationsht 0.x; t/t 0.x; t/i, ht 0.x; t/t 0.x; s/i,
hu 0

i .x; t/t 0.x; t/i, hu 0
i .x; t/t 0.x; s/i, and ht 0.x; t/u 0

i .x; s/i. The nu-
merical solution requires temporal evolution of correlations
hu 0

i .x; t/u0
j .x; t/i, hu0

i .x; t/t 0.x; t/i, and ht 0.x; t/t 0.x; t/i for the � uid
phase and that are taken from the DNS data. Also, av D aµ D 1 be-
cause the initial velocity and temperature of the particles are the
same as those of the � uid velocity and temperature in the vicinity
of the particles.

a)

b)

Fig. 1 Temporal evolution of particle Reynolds stresses.

a)

b)

Fig. 2 Temporal evolution of particle temperature–temperature and
velocity–temperature correlations.

The temporal evolutions of particle normal Reynolds stresses
v 0

1v 0
1 , v 0

2v0
2, and v0

3v
0
3 are shown in Fig. 1a and of the shear

component v 0
1v0

2 in Fig. 1b. The present model predictions are
shown by solid lines and referred to as PDF 1. Figure 1 ex-
hibits good agreement between model predictions and DNS data
for 0 · ®t · 10.

The temporalevolutionof the temperature-relatedstatisticalprop-
erties of the particle phase are shown in Fig. 2. In Fig. 2, PDF 1
refers to the numerical solution of macroscopic equations when the
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initial condition effects, appearing through A jk and Cµ , are taken
into account. PDF 2 refers to the solution without the initial condi-
tions. Figure 2a shows the comparison of PDF 1 and 2 solutions for
µ 0µ 0 with the DNS data.The inclusionof the initialconditionsresults
in a better agreementwith the DNS data, whereas without the initial
conditions, µ 0µ 0 is underpredicted initially. However, at later times,
the PDF 1 and 2 solutions become identical. This suggests that ini-
tial conditions effects become insigni� cant after a certain period of
time. Figure 2b shows the comparison of the predictions for v 0

i µ
0

with the DNS data and suggests a good agreement. Further com-
parisons (not shown) for ¿p D 0:15 indicated that the overall perfor-
mance of the models improve with the decrease of the particle time
constant.

Conclusions
A kinetic equation for the nonisothermal particle or dispersed

phase in two-phase turbulent � ows has been derived by using the
functional method. This equation is exact when the � uctuations
of the � uid velocity and temperature along the particle path have
Gaussian distributions.The macroscopic equations for various sta-
tistical properties of interest have been obtained for the case of
homogeneous turbulent shear � ow with constant mean velocity and
temperaturegradients.These equationshavebeennumericallycom-
puted and the predictionshave been compared against the DNS data
for the purpose of assessment. The predictions have been found in
good agreement with the data. This study suggests that the appli-
cation of the functional method as a closure scheme is successful
in obtaining the kinetic equation for nonisothermal � ows. Never-
theless, the extent of its success remains to be established in cases
of inhomogeneous � ows where the � uctuations are not necessarily
distributed as Gaussian.
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